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Abstract 



The two-dimensional (2-D) quantum gravity coupled to the conformal matter 
with c = 1 is studied. We obtain all the three point couplings involving tachyons 
and/or discrete states via operator product expansion. We find that cocycle factors 
are necessary and construct them explicitly. We obtain an effective action for these 
three point couplings. This is a brief summary of our study of couplings of tachyons 
and discrete states, reported at the workshop in Tokyo Metropolitan University, 
December 4-6, 1991. 



Recently the understanding of two-dimensional (2-D) quantum gravity has ad- 
vanced significantly. There are two main motivations to study the 2-D quantum 
gravity coupled to matter. Firstly, it is precisely a string theory when the 2-D 
space-time is regarded as the world sheet for the string. Secondly, it provides a toy 
model for the quantum gravity in four dimensions. There are two approaches to 
study the 2-D quantum gravity: the matrix model as a discretized theory and the 
Liouville theory as a continuum theory [1, 2]. The former can provide a nonper- 
turbative treatment, but is sometimes less transparent in physical terms since it is 
not in the usual continuum language. In spite of the nonlinear dynamics of the Li- 
ouville theory, a method based on conformal field theory has now been sufficiently 
developed to understand the results of the matrix model and to offer in some cases 
a more powerful method in computing various quantities. In particular, we can 
calculate not only partition functions but also correlation functions by using the 
procedure of the analytic continuation [3, 4]. 

So far only conformal field theories with central charge c < 1 have been suc- 
cessfully coupled to quantum gravity. The c—1 model is the richest and the most 
interesting, and it is in some sense the most easily soluble. Prom the viewpoint 

of the string theory, the c = 1 model has at least one (continuous) dimension of 
target space in which strings are embedded. Hence, we can discuss the space-time 
interpretation in the usual sense in the c = 1 model. Since the Liouville (confor- 
mal) mode plays a dynamical role if the dimensions of the target space is different 
from the usual critical dimensions, the theory is called "noncritical" string theory. 

It has been observed that the c—1 quantum gravity can be regarded effectively 
as a critical string theory in two dimensions, since the Liouville field zero mode 
provides an additional "time-like" dimension besides the obvious single spatial 
dimension given by the zero mode of the c = 1 matter [5]. We have a physical 
scalar particle corresponding to the center of mass motion of the string. Though 
it is massless, it is still referred to as a "tachyon" following the usual terminology 
borrowed from the critical string theory. Since there are no transverse directions, 
the continuous (field) degrees of freedom are exhausted by the tachyon field. The 
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partition function for the torus topology was computed in the Liouville theory, and 
was found to give precisely the same partition function as the tachyon field alone. 
However, it has been noted that there exist other discrete degrees of freedom in the 
c — 1 matter coupled to the 2-D quantum gravity [6- 8]. It has been pointed out 
that the symmetry group relevant to the dynamics of these discrete states in the 
c — 1 quantum gravity is the area preserving diffeomorphisms whose generators 
fall into representations of SU(2) [9]. Exploiting the SU(2) symmetry, Klebanov 
and Polyakov have recently worked out the three point interactions of the discrete 
states and have proposed an effective action for these discrete states [10]. 

This paper is a brief report on our study of the interaction of tachyons and 
discrete states in the c — 1 quantum gravity [11]. We have obtained all the possible 
three point couplings completely including both tachyons and discrete states by 
using the operator product expansion (OPE) of vertex operators. We have also 
found that the so-called cocycle factor is needed to obtain the operator product 
expansion with the proper analytic behaviour. 

Let us consider the c=l conformal matter realized by a single bosonic field X 
coupled to the 2-D quantum gravity. After fixing the conformal gauge gap = 
using the Liouville field 0, the c — 1 quantum gravity can be described by the 
following action on a surface with a boundary [1, 2, 12] 



where a' is the Regge slope parameter, R the scalar curvature, k the geodesic 
curvature along the boundary and ds the line element of the boundaries with 
respect to the reference metric gai3- We have rescaled the Liouville field (j). In 
this paper we will consider only the bulk (or resonant) correlation functions [7], 
for which the "energy" and the momentum conjugate to and X respectively 
are conserved. For such correlation functions we can use the action without the 
cosmological terms by putting /i — X — 0. 



S[g,X,cl>] 
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There are two types of physical operators. The open string vertex operators 
are given by hne integrals of primary fields with boundary conformal weight one 
along the boundary, while the closed string vertex operators are given by surface 
integrals of primary fields with conformal weight (1,1). It is convenient to set 
a' — A (1) when we discuss the closed (open) string vertex operators. With this 
convention the integrands of the closed string vertex operators can be constructed 
by combining the holomorphic operator and the anti-holomorphic operator, both 
of which have the same form as those of the open string vertex operators. The 
holomorphic part of the energy-momentum tensor for a' = 4 is given by 

T{z)^-\{dXf-\{d<f>f-d'cj>. (2) 

From the action, we have correlation functions of X and for closed string 

{X{z, z)X{w, w)) = {(f){z, z)(p{w, w)) = -2]n\z - w\'^. (3) 

in accord with the convention of Klebanov and Polyakov [10]. 

Let us first consider the holomorphic part of the vertex operator corresponding 
to the open string vertex operators. They must be a line integral of a primary 
field of unit conformal weight. The simplest field for such operators is the tachyon 
vertex operator 

e^P^(^)e(±f-i)^(^) (4) 

for an arbitrary real momentum p. For higher levels there are non-trivial primary 
fields only when the momentum is an integer or a half odd integer. They are 
primary fields for the "discrete states" [6, 7]. They form SU(2) multiplets and can 

be constructed as [9, 10] 

where J = 0, ^, 1, • • • ; m = — J, —J+ 1, • • • , J and '^^^\z) is the tachyon operator 
(4) with the momentum p — J. The integrals are along closed contours surrounding 
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a point z with \ui\ > \uj\ for i > j. The field H-{z) corresponds to the lowering 
operator of the SU(2) quantum numbers and is one of the SU(2) currents 

H^{z) = e±'^(^) = ±^gi(^), H^{z) = UdX{z) = (^)- (6) 

The quantum numbers J and m correspond to the "spin" and the magnetic quan- 
tum number in SU(2). Actually, the fields with m — ±J are not higher level 
operators but tachyon operators (4) at integer or half odd integer momenta ± J. 

In ref. [10] the OPEs of the fields for discrete states (5) were obtained using the 
SU(2) symmetry. Here wc make a remark on the analytic property of the OPEs. 
The OPE of two vertex operators gives a coefficient different in sign depending on 
the ordering of the two vertex operators. Even if we use the radial ordering of the 
two vertex operators as usual in conformal field theory, the OPE is not analytic 
at \z\ — \w\. It is desirable to obtain the analytic OPEs since the techniques of 
conformal field theories make full use of the analyticity. One should multiply the 
vertex operator (5) by a correction factor as in the vertex operator construction of 
the affine Kac-Moody algebra [13]. 

We have succeeded in constructing the necessary correction factor to recover 
the analyticity. After some lengthy argument using the knowledge of integral cubic 
lattice, we arrive at the following choice of the cocycle factor [11] 

e{ai,a2)^{-lf^'^^'-'^'-'-^ ai ^ V2{mi, Ji - I), i = l,2. (7) 

The sign of J in the cocycle factor should be changed according to the sign of J 
in the two- vector a corresponding to the (— ) type. It is easy to see that eq. (7) 
indeed satisfies the cocycle conditions. With this cocycle the correction factor is 
constructed as [13] 

Ca = Y.e{a,(5)\(5){(3\, (8) 
/3eA 

where is an eigenstate of the energy and the momentum with an eigenvalue /3. 
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Then the corrected operators 



(9) 



V2 (m, J - 1) for s = + 

V2{m,-J-1) for s = - 

satisfy the OPEs which are analytic in the complex z plane. 

We find that after an appropriate rescahng the corrected operators (9) satisfy 
the same OPEs as those given in ref. [10]. The non-trivial OPEs are given by 

1 



(z) (w) 

Ji,miV^) ^Ji+Js-l-mi+ms^^) 



Z — W 
1 

z — w 



( Jami - Jims) 



Other OPEs have no singular term. We have used rescaled fields 



/(-) 

J,m 



m] 



N{J,m) = (2J -l)\\ -N{J,m), N{J,m) 



J + m)\{J-m)\ 
(2J-1)! 



(10) 



(11) 



;i2) 



We shall now generalize these results of the OPEs to include tachyon operator 
(4). Wc have succeeded to generalize the cocycle operator to the tachyon case, but 
we merely refer our paper [11] for the full account of the construction and write 
down only the OPE without the cocycle factors because of lack of space. From the 
conservation of the energy and the momentum we find that only four non-trivial 
OPEs are possible: 

1 
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z — w 



4il ^J~\-Jsi^) (-^3 = -PI -P2 + 1), 
47p\^^J~Jj,-lH (J3=P1+P2 + 1), 

G^j^lAt\^) (P3 = J1-I+P2), 



(13) 
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The coefficient in the third and fourth OPE in eq. (13) can be obtained by using 
the representation (5) for 
directly evaluating the OPE 



the representation (5) for or the similar expression for m = 1 — J and 



(+) ^ r(l - 2p2) ^ -.X2J1-1 N{ps,p3) 
'^J.P. 2r(-2p3) ^ NiP2,P2f'' 

A-) _ ( iNJi(2Ji-l) r(l + 2p2) _ . -inJi(2Ji-1) ^(P2,P2) 



(14) 



where N{p,p) = Jr(l + 2p). To obtain the coefficient of the first OPE in eq. (13), 
we apply the operator § ^H-(u) to both hand sides of the equation, where the 
integration contour surrounds both of z and w. The coefficient of the second OPE 
in eq. (13) can be obtained similarly by applying ^ ^H+{u). We find 



7TP1P2 



(+) _ r(l - 2pi) 

2T{2p2) - L^'v^^'^^/-v.'z,^zyj 2sin(27r7>i)' 



._l)J3(2J3-i)^H ^ "^rp^ = ^iV(pi,pi)7V(p2,P2)sin(27rpi). 



(15) 



The coefficients of the OPE determine the three-point correlation functions of 
the physical operators, which can be summarized by the effective action. Introduc- 
ing a variable g^jj^^ {s = ±) for each discrete state, the cubic terms of the effective 
action for discrete states determined by the OPEs (10) are [10] 

Ji,mi,J2,m2 

where we have introduced the Chan-Paton index A in the adjoint representation 
of some Lie algebra and have factored out the Liouville volume J d(f). 

In ref. [10] it was shown that the terms in the cubic interaction (16) which 
depend only on the integer modes g^j]^ {J, m & Z) can be written in a compact 
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form by introducing a scalar field on R x 

$o(0,^,<^)= E T^9^}^M^{J,m)DUip,e,Q)e^^'-^)'t>. (17) 

s,A,J^m 

Here, arc the representation matrices of the Lie algebra, -D^q are components 
of the SU(2) rotation matrix [14] and M*(J, m) are the normalization factor 

Dim'i^. e, i^) = ( Jm| e-'^'^ e-'^'^ e'^^'^ \ Jm'), (18) 

M+(Jm)^ ^^'^'"^^^^^'°^ M-(Jm)-i^-^^^:^±^ (19) 
^■^'""^ J ' 47r iV(J,m)iV(J,0)- ^^^^ 

The effective action can be written in terms of the field $o using = (^, ip) 

.«^/#e-/^^«..«T.(*„|^0). (20) 

We have succeeded to generahze this construction to the terms containing half 
odd integer modes as well as integer modes. We introduce two spinor fields $i 

2 

and $_ 1 on R X for half odd integer modes Qj]^ ( J, m e Z + |) 



s,A,J,m 



where 

„,,j._N(JMNiMl. (22) 
M„(J,m)- , M^(J,m)- jv(j.„)jv(J,i)' '''''' 

Note that $i and $_i have the same coefficients q\' and are not independent. 

2 2 -'J,m 

In order to write down the effective action in terms of these fields we need covariant 
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derivatives on acting on spinor fields They are given by 

v± = - ^ (ia<^ - COS e) (23) 

sm 

when acting on The effective action can be written as 

5-^^ = J d^e^*^ J ded(fismeTT(^<i>Q V+$_i,V_$i ). (24) 

The sum of eqs. (20) and (24) gives the complete cubic terms for the discrete states 
(16). 

Apart from the special case of the compact boson X with the self-dual radius, 
we have tachyons with momenta other than integer or half odd integer which should 
be included in the effective action. The OPE results (13) can be summarized as 
two types of terms in the effective action involving tachyons: two tachyons with 
the same chirality (+) or (— ) couple to the single discrete state of the (+) type. 
Wc have succeeded to write down the local effective action involving tachyons, for 
which we refer our paper [11]. 
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